
 

FaithfullymatDescent

Det Let C be a category withfiberproducts A morphism f y X is a strict epimorphism
if for all Yx Y Is y 4 X Hom x E HomCx2 Homixzyz has f as the
equalizer F Z

Example A surjection of schemes need not be a strict epimorphism Consider

Y Speck Speckled1a X and set 2 X

Then Hom XX HourlyX is not injective and so cannot be an equalizer

IThelDescentformorphisA faithflat f X X of finitetype is a strictepimorphism

Prep If f is a faithflat morphism of rings then the sequence of A modules

H O A B B aB B aB aB Amitsur curlee

where eilboxo bra boxo bii I bi bra and d EEOCHiei is
exact

Proofs Prep2.18 in EC d2o is standard To see exactness first assume
f A B has a left inverse g B A Define Rr B rt2 B r by

Rr b bra glbob brei

One can check Rre d t d Rr id So the complex is contractible and so it
is exact

Now it suffices to show B aC is an exact complex by faithfulflatness But
this complex is

0 B B aB
If Thishas a left inverse by b I b

b b 1 We are done FW

we claim that if M is an A module then MaC is still exact Indeed since
f is faithfullyflat it suffices to check that after tensoringwith B B aMaH is still
exact But A aB is the Amitsur complexfor the map B B aB and noting thatthis is
contractible gives the claim by homological algebra

Now we prove the theorem Thun 2.17 in EG

ProofNote this is the same as saying the Grothendieck topology of faithfullyflatmaps
of finitetype is subcanonical Consider
Xxx y

ly f WTI Given any schemeZ the diagram Hornx z Hourlyz Hankyz
is an equalizerdiagram



Wefirst look at the affine case Sef X SpeeA Y SpeeB E SpecC Then thediagram
is HankA HenkB Hom C B B which gives

0 A B B aBr p fBYtheAmritsar Done31 complex
c

Now suppose only 2 is arbitrary Then we want

S S S
dd f is surjective g _gz settheoretically Its enough now to show they are
the locally the same let U contain gun gCx forsome xeX thenft Z g u gj u ex specA We canassume U Xa SpeeAa hence f Xa cY
X 7 g is Ys SpecBs By case a g l a gda g g byglueinglocal ones

Let X and yet x Choose an affine open UEZ containinghimcZ Now we claim
f h u CX Since f is flat and finite type this set is open Hence we can choose

an affine open ofx inside f hLUD Since X specA choose f SpecAceXa
Then f Xa Yes and we only need to check him But this follows from fiberproducts
and we are in caseCal

The general case is in thetext Bea

ThmCFGAexpla.in fptf fflatfintype c fpqc A covering f y X is a faithfullyfled
mapansoungheaethat t quasicompact Uex U f ge open inX Moreover fpqc is
sube

Exerciseshowthat speckles Speckles25 is an epimorphism but not a strictlepimorphism

Descendingmodulies
Let f A B be f flat Man Amodule Setting M _B aM f M by the Amitsur
complex

A f B B aB B aBaB i

e M B a pym B am w b b b M bob b M
e M B aB M N aB w b bz M b b n bis
So we have an isomorphism e M e M via b m b m b b m
We can recover M from by M men I 1 m Cm 1

Now given some M under what conditions can we recover Al Such conditions
are called descent data For M B am forsome M we surely need an isomorphism
e M Teo m such that if

B B am aB BaBaM
oh B M B B B B m
03 4013 n B B B M B



Then 02 4,003 This is called the cocycle condition It turns out this is enoughto
get an M How to find M Put

M men 11 m 01cm17
and show B aM m This is rather technical but the upshot is

TheGiven a fflat f A 313of rings we get an equivalence of categories
AModes Descentdata dmi w 012 4.433

PreyLet f y X be fflat and quasicompact map of schemes Then giving a
quasicoherentsheafM ou X is the same as giving a quasicoherentsheafM on Ywith
p M pfm pilot PEC op d in the diagram

B
y y YES XXxxXxxx 3

Pz

Project Let f X X be f fleet Assume Yis integral respnormalregular Then so
is X

ProjectLet g X X be fflatandquasicompact Then in

X'xY y

t't Itgx x
if f is q compact separated fintype proper openimmersion affine finite gfinite flatsmooth e'tale then so is f Doany3

lprejec313exeru.se Not worth it
Consider G a group acting on a top space Y Then GxY s Y and this
can be extended to

Gxxxx Gxy I y scy e y

so a sheafFon Y is G equivariant if given 0 TFF IF and 5 0 step
we can take X Her w fi Y X then a sheaf on X with the id SFF
above descentdata If f Y X is a principal homogeneous G space X Uni
f Ui GxUi is an iso of Gspaces then we have an equivalence of
categories ShCx Shorty


